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Quasiaxisymmetry near 
axisymmetry

The theoretical concept of quasisymmetry [1] explains 
how a stellarator can overcome the lack of a continuous 
symmetry in its magnetic field to achieve good confine-
ment of collisionless particle orbits: a quasisymmetric 
equilibrium instead satisfies a hidden symmetry in special 
magnetic (“Boozer”) coordinates. However, with some 
notable exceptions, most work on quasisymmetric stellara-
tors has been based on numerical search algorithms, which 
find these special equilibria by sifting through parameter 
space. This approach, although the foundation of modern 
stellarator optimization, might be improved by advancing 
our basic understanding of the special set of stellarator 
equilibria that have good particle confinement – more gen-
erally referred to as “omnigenous” equilibria. 

Garren and Boozer [2] performed an asymptotic expansion 
of the equations of magnetostatic equilibria near the mag-
netic axis, i.e., a large aspect ratio expansion. Based on 
this expansion, they argued that quasisymmetry cannot be 
satisfied globally and ultimately breaks down as the dis-
tance from the magnetic axis increases. As an alternative 
to satisfying quasisymmetry near the axis, they argued that 
there should also be sufficient freedom to satisfy the con-
dition exactly on a single magnetic surface, at a finite dis-
tance from the axis. However, several open problems 
remained, such as the proof of the existence of such solu-
tions, how numerous they are, and how to construct them. 
For practical purposes (e.g., to satisfy engineering con-
straints), and also to satisfy sheer curiosity, it would also 
be interesting to know of any geometric consequences of 
quasisymmetry – are there any basic limits to what sort of 
shapes are possible? The above problems also apply to the 
generalization of quasisymmetry (omnigeneity). 

In our recent paper [3] we propose a new approach to gen-
erate quasiaxisymmetric (QAS) equilibria, a subclass of 
quasisymmetry [4], by deforming axisymmetric equilibria. 
We demonstrate the existence of a family of solutions near 
an arbitrarily specified axisymmetric zeroth-order solution 
that satisfy QAS on a single flux surface. Wes also prove 

that QAS cannot be satisfied globally (when axisymmetry 
is violated), supporting the conclusion of Ref. 2. The per-
turbed solutions can be found numerically by applying the 
condition of QAS as a (non-standard) boundary condition. 
Importantly, the solutions are valid globally (even though 
QAS is satisfied only on the outer surface), distinguishing 
them from solutions that only satisfy MHD locally [5, 6]. 
The more general class of omnigenous solutions is also 
shown to exist. Key parts of this work are summarized 
below.
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A new approach is proposed to generate optimized 
stellarator equilibria by deforming axisymmetric equi-
libria. A large set of solutions that satisfy quasi-
axisymmetry (QAS) on a single magnetic flux surface 
is identified. Solutions are independently verified with 
a widely used MHD equilibrium solver, thereby 
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Fig. 1: Flux surface shape induced by quasiaxisymme-
try-preserving perturbation (assuming circular zeroth-
order shape).
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The first step is to reformulate the MHD equations in 
terms of a coordinate mapping x, which is taken to be a 
function of the flux , and the Boozer angles  and . This 
“inverse” problem formulation allows the condition of 
QAS, namely that the field magnitude is independent of 
the Boozer toroidal angle , to be directly enforced. The 
coordinate mapping may be expressed in cylindrical coor-
dinates as

  , (1)

where we note that the component in the -direction is 
included for mathematical convenience. In terms of x the 
magnetostatic equilibrium equation in a vacuum can be 
written simply as 

 . (2)

The solution is expanded as   , 
where x0 denotes the zeroth-order axisymmetric part, and 
Eq. (2) is solved, order by order. Due to symmetry, the 
toroidal angle is ignorable in the first-order equations, and 
the mode number N is introduced as a free parameter. With 
some manipulation of Eq. (2), the problem can then be 
transformed into a remarkably simple form, a single sec-
ond-order elliptic partial differential equation for 
P1R0Z0, the first-order part of the toroidal component 
: 

(3)

We note that the equation is differential in the zeroth-order 
cylindrical coordinates R0 and Z0, and define the Grad-
Shafranov operator in these coordinates, 

 . (4)

The solution of Eq. 3 determines the entire magnetic field 
solution at first order.The QAS condition (B0) at this 
order, can be written as simply 

(5)

Note that the equations are to be solved in the R0-Z0 plane 
within a domain defined by the zeroth-order axisymmetric 
solution. This means that, although the ultimate shape of 
the outer surface (i.e., including the deformation) is a pri-
ori unknown, the problem is still of the fixed boundary 
type. A series of results follow rather directly from 
Eqs. (3) and (5). First, it is found that the equations cannot 
be both satisfied across the entire volume (R0-Z0) plane, 
except for trivial solutions that preserve axisymmetry. 

This fact is shown by solving Eq. (5), a first order ODE, 
and substituting the result into Eq. (3). Second, it is noted 
that Eq. (5) when applied on the boundary of the domain, 
is an oblique-derivative boundary condition; this condition 
was first studied by Poincaré [7]. The existence of solu-
tions in the two-dimensional case was proved in the 1950s 
[8], and the results are summarized in [9]. For the particu-
lar case here, two linearly independent solutions are guar-
anteed to exist. 

We can thus conclude that the space of weakly non-
axisymmetric QAS equilibria can be parameterized by (1) 
the axisymmetric surface shape (2D function), (2) the 
toroidal mode number N (to be interpreted as the field-
period number), and (3) two complex numbers corre-
sponding to the solution space of the oblique-derivative 
problem. To independently confirm the theoretical results, 
these numerical solutions are used as input for the VMEC 
equilibrium solver [10], coupled to the BOOZ_XFORM 
code [11] which recovers the Boozer-coordinate represen-
tation. For the purposes of this test, we assume N 2 and 
take the zeroth-order flux surface to have a circular shape, 
and an aspect ratio of 4. The strength of the perturbation is 
controlled by the free parameter , and as an example, the 
resulting flux surface shape for the case considered is 
depicted in Fig. 1. The satisfaction of QAS is thereby con-
firmed at the appropriate order; see Fig. 2. 
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Fig. 2. Test of QAS at first order in size of non-axisymmet-
ric perturbation; note the measure

 , 

where is the Fourier amplitude of � at the outer flux 
surface.  Solutions of the problem (labeled QAS) are com-
pared with a “control” deformation (nQAS), yielding 2 and 
scaling, respectively, as expected; see Ref. [3] for further 
details. 
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Omnigeneity, the general condition that collisionless parti-
cle orbits are (radially) confined, is also considered as a 
boundary condition for the deformation. Omnigeneity can 
be restated geometrically as the condition that the distance 
along a field line from two points of equal magnetic field 
strength does not vary between neighboring field lines 
[12]. The existence of such solutions, satisfying omnige-
neity on one surface, is also guaranteed for the associated 
oblique derivative problem [9]. Finally, we note that the 
QAS perturbations represent a freedom in the omnigenous 
problem, as they can be superposed onto the omnigenous 
solution without affecting the satisfaction of the condition 
of omnigeneity. These encouraging results demonstrate 
that it is possible to numerically construct omnigenous 
solutions, using an approach similar to that used for QAS 
ones, though this is left for future work.
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